Abstract The binding energy parameter λ plays a vital role in common envelope evolution. Though it is well known that λ takes different values for stars with different masses and varies during stellar evolution, it has been erroneously adopted as a constant in most of the population synthesis calculations. We have systematically calculated the values of λ for stars of masses 1 − 60 M ⊙ by use of an updated stellar evolution code, taking into account contribution from both gravitational energy and internal energy to the binding energy of the envelope. We adopt the criterion for the core-envelope boundary advocated by Ivanova (2011) . A new kind of λ with the enthalpy prescription is also investigated. We present fitting formulae for the calculated values of various kinds of λ, which can be used in future population synthesis studies.
INTRODUCTION
Common envelope (CE) evolution is one of the most important and yet unresolved stages in the formation of various types of binary systems including low-mass X-ray binaries and cataclysmic variables. For semi-detached binaries, mass transfer can be dynamically unstable if the mass ratio is larger than a critical value or the envelope of the donor star is in convective equilibrium. In this case, the accreting star, usually the less massive star, cannot maintain thermal equilibrium, and the transferred material accumulates on its surface. As a result, both components are expected to overflow their respective Roche lobes (RLs), forming an envelope enshrouding both stars. The accreting star then spirals into the donor's envelope, using its orbital energy to expel the envelope. This is the so-called common envelope (CE) evolution (see Iben & Livio 1993; Taam & Sandquist 2000; Ivanova et al. 2013 for reviews). The outcome of CE evolution is either a compact binary consisting of the donor's core and the companion star, or a single object due to merger of the two stars, depending on whether the available orbital energy is large enough to eject the donor's envelope. This process can be described by the following equation (Webbink 1984) ,
where
is the binding energy of the envelope, α CE the efficiency parameter that denotes the fraction of the orbital energy used to eject the CE, G the gravitational constant, M 1 and M core the masses of the donor and its core, M 2 the mass of the companion star, and a i and a f the pre-and post-CE orbital separations, respectively. It has been suggested that the internal energy (including both thermal and recombination energies) in the envelope may also contribute to the binding energy, so a more general form for E bind can be written as
where U is the internal energy (Han et al. 1994; Dewi & Tauris 2000) . More recently, Ivanova & Chaichenets (2011) proposed that this canonical energy formalism should be modified with an additional P/ρ term (where P is the pressure and ρ is the density of the gas) by taking into account the mass outflows during the spiral-in stage. These authors argue that, the standard form (1) or (2) is based on the consideration that the envelope of a giant star is dispersed or unstable once its total energy W env > 0, but neither of the two considerations has to occur when the envelope has quasi-steady outflows. For such envelopes, the material obeys the first law of thermodynamics, and the criterion for a mass shell to reach the point of no return in its expansion turns to be that the sum of its kinetic energy, potential energy, and enthalpy, rather than the total energy, becomes positive. This is so-called the enthalpy model (see Ivanova et al. 2013 for a detailed discussion). Assuming that the velocity of gas at infinity is zero, the binding energy is expressed as
Since the P/ρ term is always non-negative and orders of magnitude larger than U , the absolute value of E bind decreases substantially in this case. One should be cautious that quasi-stationary mass outflow only develops when the envelope experiences a slow self-regualted phase during the spiral-in stage, that is, the spiral-in phase proceeds on a thermal timescale (Ivanova et al. 2013) .
de Kool (1990) proposed a convenient way to evaluate the binding energy by introducing a parameter λ to characterizing the central concentration of the donor's envelope,
where M env = M 1 − M core is the mass of the envelope, r L = R L /a i is the ratio of the donor's RL radius and the orbital separation at the onset of CE. Typically, a i r L is taken to be the stellar radius once a star fills its RL. Thus the post-CE separation can be determined by inserting Eq. (5) into Eq. (1),
It should be emphasized that both α CE and λ are variables depending on stellar and binary parameters, although they have been treated as constant (< 1) in most of the population synthesis calculations, due to both poor understanding of them and convenience for calculation. However, many studies (e.g. Dewi & Tauris 2000; Podsiadlowski et al. 2003; Webbink 2008; Xu & Li 2010a,b; Wong et al. 2014) have shown that λ varies as the star evolves and can deviate far from a constant value (say, 0.5). Some investigations also suggested that α CE may depend on the binary parameters such as the component mass and the orbital period (e.g., Taam & Sandquist 2000; Podsiadlowski et al. 2003; De Marco et al. 2011; Davis et al. 2012) .
Systematic calculations of the values of λ have been performed by Dewi & Tauris (2000) , Podsiadlowski et al. (2003) , and Xu & Li (2010a,b) . In the latter, fitting formulae for λ have also been provided so they can be incorporated into population synthesis investigations. In this work we re-visit this problem and provide more reliable λ values by taking into account the following factors.
First, we adopt the Modules for Experiments in Stellar Astrophysics (MESA) code (Paxton et al. , 2013 (Paxton et al. , 2015 to calculate stellar evolution, which is more powerful in probing the stellar structure than Eggleton (1971) 's evolution code EV previously adopted by Xu & Li (2010a,b) . Employing modern software engineering tools and techniques allows MESA to consistently evolve stellar models through challenging phases for stellar evolution codes in the past, for example, the He core flash in low-mass stars and advanced nuclear burning in massive stars . It also adopts denser grids for stellar structure than the EV code. We find that stars appear to be generally less compact after evolving off main sequence when modeled with MESA compared with the EV code. The structure of the hydrogenburning shell, which is near the defined core-envelope boundary, plays a vital role in determining the value of λ.
Second, besides the traditional λ related to gravitational energy and internal energy, we also calculate the values of λ in the enthalpy prescription.
Third, it is well known that the λ-value is sensitive to the definition of the core-envelope boundary (see Ivanova et al. 2013 for a detailed discussion). It was arbitrarily assumed to be the (10 − 15)% hydrogen layer in Dewi & Tauris (2000) and Xu & Li (2010a) . Ivanova (2011) proposed that this boundary should be defined in the hydrogen shell which has the maximum local sonic velocity (i.e., the maximal compression) prior to CE evolution. This criterion comes from the study of the outcome of the CE event and the fact that a He core would experience a post-CE thermal readjustment phase, and presents a more self-consistent definition of the core-envelope boundary.
This paper is organized as follows. In section 2, we briefly describe the stellar models and assumptions adopted. We present the calculated results and fitting formulae for λ in section 3. Our conclusions are in section 4.
MODEL DESCRIPTION
We adopted an updated version (7624) of the MESA code to calculate the binding energy parameter λ for stars with initial masses in the range of 1 − 60 M ⊙ . We consider Pop. I stars with the chemical compositions of X = 0.7 and Z = 0.02. Our previous study has shown that there is not significant change in the values of λ for Pop. I and II stars (Xu & Li 2010a,b) .
It has been recognized that stellar winds play an important role in determining the λ parameter, especially for massive stars (Podsiadlowski et al. 2003) . Here, we adopt two prescriptions for the wind mass loss rates. The first one, denoted as Wind1, is same as in Hurley et al. (2000) and Vink (2001) (for O and B stars) , and the second, denoted as Wind2, takes the maximum value of the above loss rates in all the evolutionary stages, to be consistent with Xu & Li (2010a,b) . The Wind1 prescription is described as follows: (1) Stellar wind mass loss described by Nieuwenhuijzen & de Jager (1990) :
where M , R, and L are the stellar mass, radius, and luminosity in solar units, respectively.
(2) Wind loss from giant branch stars by Kudritzki & Reimers (1978) :
(3) Wind loss from AGB stars by Vassiliadis & Wood (1993) :
where log P 0 = min(3.3, −2.07 − 0.9 log M + 1.94 log R).
The maximum wind loss rate in this prescription is limited tȯ (4) Wolf-Rayet-like mass loss by Hamann et al. (1995) and Hamann & Koesterke (1998) :
where L 0 = 7.0 × 10 4 , and κ = −0.5. (5) O and B type star's wind loss according to Vink (2001) :
with v ∞ /v esc = 2.6 for 27500 K < T eff ≤ 50000 K (where T eff is the effective temperature). with v ∞ /v esc = 1.3 for 12500 K ≤ T eff ≤ 22500 K. The mass loss in the Wind2 prescription is taken to bė
We ignore the effect of stellar rotation in the calculation, because CE evolution usually occurs when the donor star has already entered the giant phase with slow rotation.
RESULTS AND DISCUSSION
We have calculated the values of different λs for 1−60 M ⊙ stars by combining Eqs.
[2]-[5], considering gravitational binding energy alone, total energy, and total energy plus enthalpy in the stellar envelope separately. We denote them as λ g , λ b and λ h , respectively, that is,
and More massive stars may lose most of their envelope through strong winds so CE evolution is not likely to occur. For each star, we follow its evolution until it ascends the thermally pulsating asymptotic giant branch (TP-AGB) where the star initiates repeating expansions and contractions (for stars > 4 M ⊙ ), or the code crushes automatically. The binding energy between the envelope and the maximum compression point in the hydrogen burning shell is calculated once a star evolves to produce such a shell. Here, the maximum compression point is the place with the highest local sonic velocity (i.e., the largest value for P/ρ in the shell). Figures 1 and 2 show the evolution of λs with respect to the stellar radius R for stars with different masses. The solid and dashed lines represent the results under the Wind1 and Wind2 prescriptions, respectively. The green, blue, and red lines correspond to λ g , λ b and λ h respectively in each case. In general they demonstrate similar evolutionary trend, with λ b being roughly twice as large as λ g , which is a natural consequence of the Viral theorem, and λ h being several times larger than λ b . For stars with mass ∼ 1 M ⊙ or > 30 M ⊙ , λs decrease constantly along the evolutionary tracks, while for stars with mass in between, λs decrease with increasing R at first and then increase when they have ascended the AGB and developed a deep convective envelope (see also Podsiadlowski et al. 2003) . Most interestingly, for ∼ 3 − 10 M ⊙ stars, λ h (and λ b in some cases) increases drastically in the supergiant phase, and can reach a "boiling pot" zone (see Han et al. 1994; Ivanova 2011) , where the binding energy becomes positive before it expands to the reach the maximum radius.
The differences between the solid and dashed lines demonstrate the influence of wind loss on the mass and the compactness of the envelope, especially near the core-envelope boundary. We can see that for stars of mass 15 M ⊙ (except 1 M ⊙ ), or stars of mass ∼ 15 − 30 M ⊙ but with radius 500 − 1000R ⊙ , the λ-values in the Wind1 case roughly coincide with those in the Wind2 case, reflecting that the two prescriptions are almost the same in such situations. In other cases, the λ-values in the Wind2 case are usually smaller than in the Wind1 case because of steeper density profile in the envelope (see also Podsiadlowski et al., 2003) .
To see how the binding energy changes with stellar mass, we compare λ h and λ b as a function of R for stars with different masses in Fig. 3 . Generally more massive stars have smaller λ, implying that ejection of the envelope is more difficult. This feature is particularly important for the formation of black hole low-mass X-ray binaries (Justham et al., 2006; Wang, Jia, & Li, 2016 , and references there in).
Our calculated binding energy parameters λ g and λ b evolve in a way in general accord with in previous studies. However, there are some remarkable differences in specific circumstances. (1) Comparing with Xu & Li (2010a,b) , we find that for 2 − 8 M ⊙ stars the values of λ g and λ b increase more rapidly with radius during the AGB stage. For example, for a 3 M ⊙ star, λ b ≃ 10 at 300 R ⊙ in Xu & Li (2010a,b) , but ≃ 100 in our case. (2) Our calculations show that the λ-values increase with radius at the very end of the evolutionary stages for stars less massive than ∼ 30 M ⊙ (except for 1 M ⊙ star), while this upper mass limit becomes lower, i.e., ∼ 20 M ⊙ in Xu & Li (2010a,b) and Podsiadlowski et al. (2003) . (3) The λ-values do not show a significant decline at the very end of the evolution for stars more massive than ∼ 30 M ⊙ as observed by Podsiadlowski et al. (2003) .
Finally, similar as Xu & Li (2010a,b) we perform polynomial fitting for the calculated λ-values,
where x = R/R ⊙ . For 2 − 15 M ⊙ stars that have "hook"-like features in λ, we divide its post-mainsequence evolution into three stages, and fit the λ-values separately. Stage 1 begins at the exhaustion of central hydrogen and ends when the star starts to shrink (i.e., near the ignition of central He). Stage 2 is the following shrinking phase, and in stage 3 the star expands again, until the end of the evolution.
In Table 1 , we list the fitting parameters. We use the coefficient of determination R 2 (i.e., the ratio of the regression sum of squares to the total sum of squares) to evaluate the goodness of fit: R 2 = 1 corresponds to perfect fit, while R 2 = 0 indicates that the equation does not fit the data at all. In our fitting results, the values of R 2 in all the cases are above 0.95. 
CONCLUSIONS
The binding energy parameter λ is a key parameter in the formation and evolution of close binary systems. This work is an updated version of Xu & Li (2010a,b) , with more self-consistent treatments in stellar modeling. The main results are summarized as follows. 1. The λ-values vary when a star evolves and strongly depends on the star's initial mass. It generally decreases with the increasing stellar radius, but rises at the very end of the evolution for stars less massive than ∼ 30 M ⊙ .
2. More massive stars tend to have smaller λ. For massive stars ( 15 M ⊙ ) the λ-values are substantially influenced by the wind mass loss.
3. Generally, λ h is several times larger than λ b and λ g , which can assist the ejection of the CE. For stars in the mass range of ∼ 3 − 10 M ⊙ , the λ h -values can be very large (> 100) and even negative before the star reaches its maximum size. 4. Our fitting formulae for λs can serve as useful input parameters in population synthesis investigations.
